Abstract. In this paper, we characterize those numerical semigroups containing n 1 , n 2 . From this characterization, we give formulas for the genus and the Frobenius number of a numerical semigroup. These results can be used to give a method for computing the genus and the Frobenius number of a numerical semigroup with embedding dimension three in terms of its minimal system of generators.
Frobenius number and the genus of S, respectively. This problem was solved by Sylvester in [9] for numerical semigroups with embedding dimension two. Sylvester demonstrated that if {n 1 , n 2 } is a minimal system of generators of S, then F(S) = n 1 n 2 − n 1 − n 2 and g(S) = 1 2 (n 1 − 1)(n 2 − 1). The Frobenius problem remains open for numerical semigroups with embedding dimension greater than or equal to three.
The aim of this work is to introduce a new technique to solve the Frobenius problem. Suppose that n 1 and n 2 denote positive integers greater or equal than three fulfilling that gcd {n 1 , n 2 } = 1. Notice that in every numerical semigroup there are always two positive integers with these properties.
Let S be a numerical semigroup and m in S. We define the Apéry set (named so after [1] ) of m in S as Ap(S, m) = {s ∈ S | s − m ∈ S}. It is easy to prove that Ap(S, m) = {0 = w(0), w(1), . . . , w(m − 1)}, where w(i) is the smallest element of S that is congruent with i modulo m.
The following result gives a representation of S containing n 1 , n 2 .
Let (A, ≤) be an ordered set and B ⊆ A. The set B is a set of incomparable
We define the following order relation on H( n 1 , n 2 ):
Given two integers m and n with n = 0, we denote by m mod n the remainder of the division of m by n. One of the central problems concerning semigroup theory is the membership problem, that is, given a numerical semigroup S and a positive integer x, determine whether or not x belongs to S. Our representation of S as Ap(S, n 1 ) ∩ Ap(S, n 2 ) + n 1 , n 2 is good, to give an answer to the previous problem. In fact, by [8, Lemma 4] , we know that if u and v are positive integers such that un 2 − vn 1 = 1, then
. . , h p }, then we obtain that a positive integer x belongs to S if and only if un 2 (x − h i ) mod n 1 n 2 ≤ x − h i for some i ∈ {0, 1, . . . , p}. Thus, our purpose is to characterize the subset X of H( n 1 , n 2 ) with the property X ∪ {0} = Ap(S, n 1 ) ∩ Ap(S, n 2 ) for some numerical semigroup S containing n 1 , n 2 . Proposition 1. Let {h 1 , . . . , h p } be a subset of incomparable elements of H( n 1 , n 2 ), ≤). Then, there exists a numerical semigroup S containing n 1 , n 2 and Ap(S, n 1 ) ∩ Ap(S, n 2 ) = {h 0 = 0, h 1 , . . . , h p } if and only if for all i, j ∈ {1, . . . , p} there exists k ∈ {0, 1, . . . , p} such that
Over N × N we can define the product order, that is, (a,
and we consider the set B( n 1 , n 2 ) ordered by the product order. 1 , a 2 ) . . . , (a p , b p )} be a subset of incomparable elements of B(n 1 , n 2 ), ≤) verifying the following condition: if i, j ∈ {1, . . . , p}, a i +a j ≡ 0 mod n 2 , b i + b j ≡ 0 mod n 1 and ⌊ b 1 ) , . . . , θ(a p , b p )} + n 1 , n 2 is a numerical semigroup containing n 1 , n 2 . Moreover, every numerical semigroup containing n 1 , n 2 is of this form.
Theorem 1 gives a characterization for the numerical semigroups containing n 1 , n 2 . From this characterization is easy to give formulas for the genus and the Frobenius number of a numerical semigroup.
Lemma 2.
Let {h 1 , . . . , h p } be a subset of incomparable elements of H( n 1 , n 2 ), ≤) and suppose that h 1 ∼ (a 1 , b 1 
As a consequence of the previous lemma and Sylvester's formula for the genus of a numerical semigroup with embedding dimension two, we obtain the following result.
Our next goal in this work is to prove Theorem 3, which gives a formula for the Frobenius number of the set A. Given X ⊆ N × N, denote by C(X) = {y ∈ N × N | y ≤ x for some x ∈ X}. Lemma 3. Let X = { (a 1 , b 1 ) , . . . , (a p , b p )} be a subset of incomparable elements of N\ {0} × N\ {0} such that
Then M is the set of minimal elements of (N\ {0} × N\ {0})\C(X).
As announced above.
Theorem 3. Let {(a 1 , b 1 ) , . . . , (a p , b p )} be a subset of incomparable elements of B(n 1 , n 2 ), ≤) such that b 1 < b 2 < · · · < b p and a 1 > a 2 > · · · > a p . Let  A = {0, θ(a 1 , b 1 ) , . . . , θ(a p , b p )} + n 1 , n 2 and M = { (a 1 + 1, 1), (a 2 + 1, b 1 + 1) , . . . , (a p + 1,
Finally, from the previous results we can obtain a method for computing the genus and the Frobenius number of a numerical semigroup with embedding dimension three in terms of its minimal system of generators.
If S is a numerical semigroup with minimal system of generators {m 1 , m 2 , m 3 } and d = gcd {m 1 , m 2 }, then as a consequence of [4] and [5] , we obtain that F(S) = dF
. Therefore, to solve the Frobenius problem with embedding dimension three, we can focus our study on numerical semigroups such that its three minimal generators are pairwise relatively prime.
We shall suppose that S is a numerical semigroup with minimal system of generators {n 1 , n 2 , n 3 } and 1 = gcd {n 1 , n 2 }. Denote by c 3 = min {k ∈ N\ {0} | kn 3 ∈ n 1 , n 2 }.
The following result is easy to prove. Currently we work to obtain, using the ideas of this paper, an algorithm to solve the Frobenius problem of a numerical semigroup with arbitrary embedding dimension.
